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Abstract: This paper presents an efficient algorithm to design M-channel oversampled graph filter banks with
better overall performance. In the new algorithm, a two-step scheme is exploited to tackle the design task. Firstly,
for controlling the spectral selectivity, the analysis filter is designed by solving a constraint optimization problem
that minimizes the passband ripple and stopband energy subject to 3 dB constraint; secondly, by taking the Perfect
Reconstruction (PR) condition into account, the design problem of synthesis filters is formulated into an
optimization problem that minimizes the stopband energy subject to PR constraint. Both the optimization
problems are Semi-Definite Programming (SDP), which can be efficiently solved. Since the proposed method fully
considerate the spectral characteristic and PR condition, M-channel biorthogonal oversampled graph filter banks

with better performance can be obtained. Numerical examples and comparison show that compared with the

existing methods, the proposed method can lead to graph filter banks with smaller reconstruction error.

Key words: Graph filter bank; Oversampled; Perfect Reconstruction (PR); Semi-Definite Programming (SDP)

1 5l&

AR, M o A B 7 3ok i 22 1) 2 3 1R %
FERESY, RS, M. AT, AL AR P2 Ab
DL b Pl 45 b B0 A% Ty 1 01 A B 1 S
ZIN R T E U A A0 T B T A B OB A
FH o SCHR[1)3 H T /N A 2 R) A2 3 6 18T 1R R
SCHR (2] 05 P /N3 0 e iy A A0 30 G s AR ) RS A B

ek H 1 2017-05-165 2R H i 2017-08-14; P4 HifR: 2017-09-14
MEEEE: ¥R IE  jzjlangQguet.edu.cn

FEETH: ER AR (61261032, 61371186), FEMIL TR
KEEWFR A AU R H (2017YICX21)

Foundation Items: The National Natural Science Foundation of
China (61261032, 61371186), Innovation Project of GUET
Graduate Education (2017YJCX21)

T3 2 N A i o Ak AR A4 W 241 Pl A 5
AT AL BEAESCRR[3] T WL o SCHR[4] FH BT A9 /NS B0t
ANHIE D PR A S i 1) 5% P 4 24 3 Al AR i A T LA
SCHR B4 10 TA% It W 46 [ 1) 22 03 37 1)
Jiiks 2 W AT BRI 5 IR
FCAE BRI 9 258 S04 Ak P 75 16T S 4 A T B A
F o SR, 0T REE T, N BoRIE g # gl
BONIE G AR BB S 5 10, /N E Bt 21
AU S S 3T AR AR s, AT K o A B o
BRI AT E X g B AT 9,
DEE s 2 ARG BE T A L AT LAY A IEAZ . XUEAZ
KA WAEZRAEA T3 i SRR RAE P K
I8, FAEIEEL AT 7y A PR M OEIE RS IS



%12 4 HRIES:

Fb i h MO WIEAZ 1L R e s 2 1B Sk 2971

T8 Pl R A A vl f 2 B Narang F Ortega 42 H
(47, SR 2 56 4 TR TE A IR I KA 1R /N DR
Beas B IR, X o R IE AT AR IR )
TP RAT AR B, TV IR A R A TR S
WHER, EREMANEZ YR, FIXE R
T oy e T DL i oh — 4y B S S5 1. S,
Narang Fll Ortega X4 H 10T 506 In) 18] 1 55 5
FEIRRUIE A /N D e A AL ik, A stb A
AT RUIEAL , XUEAE 1) /N A A % S HL
W AUK B R, 5 e A A A, FTLA
XAE R UG AT A B, 7 VE R RS U A (1)
AP, AT — € IR BRI o« SCHR[12] 4 T
PR 38 T X IE AT B s g A A ki, A
7325 R8T VEIDE IR s R TE Ay - SE A MR A S sk, (HA
TR RO R D A R 22 AR I, W] AR
S o i ] P DI A% 2H R W BEA T AL AR B . ST
R [9] T 1EAC AL TS HAn U T 2 WA AL
LA TG B v AR A T I Iy BEUE RE S
T S PR PN A 1 2 ) AU T vk, AR EE A DR 22 3L
BUEAC I R A 2K — 28 [R5 5 Ab BRI R
FER I RAERBY T IR AT 0 JR R, 1 SRR J5 A5 5
A5 T ECREME S aiE R, SmJr (8 EE S
bei s 2 S BB VIV R S|SB A o v T SN K R S 7
Aok B P A TR 2 G F OB 3o SRAE ) TR
B R ORI A . ERFEX T M
(M > 2 )il iE K 83 2s AL ot BA BRI e 34,
M HE EIER AR A B A S 2 Rl e, TR
BEE S AL B BRI . HAT, M i s
AT TR, BB R

Xof PR 5 T Ak BT DA TH a5 58 R A 3 4k 671 1
Ko BAAT SV B BTG B O AT T . SOk
[9-12) 8 MBS ¥ T BB A 20, (HE A & T
SERTMIGAT, AR 16 P 45 21 1O (R AR 1
PEo ASEBR IR A BEEAT 5 18, 43 BT B4 1) A
TR PSS o i R b O E N . DI,
ASCAEV V50 BT B A I A T 43 B (1) i 126 ¢
PESEATE B E R T FAT, IR FAE BT SR IR
AR M AN ARG, AT Gvet—
SEM AR, K CLZRE I8 A BT e 500 H AR ek
B, T ORUE LR/ ) T AL D2 22 45 T o5 3 PR B 8
AL REARPERE o 0T DB A A R B AR 1 REREAT
PRATE TR et P U e 2 A R DGR T A, WIS 5
(10 575 4 A i DA W] B /) 1R T A 13 22 EAT Wk B2 A2 0T
FUIR B . R, 78 SCHR(6) eI 1 AT )ik
(1) Pl D8 0 28 AL IR BT 7 VR A 78 0 25 R DR A 41
(A e, A R 1E A B R A AL IR Bt

JIEE R R 22 WA BOR, SCHER([7] 1 Ml TE K
FEBR AR 2y R IR I AR I I A IR T e
RIS AT AT 25 FE DRI A% PP e 60, AR DB I
i [0 B 3 PR M A 2 7 e B DB I A% 4 A I %
B o ASSCAE 78 93 75 FE P D B i 2 R A0 i P A e 4
FERSAFRREOL T, ST B M s EXEAL
ERAE AT T7 3, A 15 P ik i s 4 ) 3 A4
REfFLANGE . HoE, Wt irdseds, CAorprikis
i R T8 7 e SURIBH AT B 5k H AR R £, B 3 dB 49K
NLTAR G, TR 1 5 R SR G 1% P 4L
LRI M e ARG, BOERaIEAY, LGS
DEP A LT ek HARRREL, LA R Ea 551 h
290, T ORUELE BN FEA DR ZE 54 T 53 I
WS BEARYERE o A~ 1 € R AT ROk L
RS LR A AL 0] 8. FOBLA A M P I 2 41
W IR LG, A SO SR8t A7 S 4 I B A R e
M2 TH P B i 2 (R B ARV R o 17 B0 S A5 6T B
A DLRERAE tH SVE I PERE
2 M IBEE SRR R AFERE ARG

Bl 15T —A Mol TE R gk dl, I
RN R R R N I, Hy, - Hy
Hy oo Hy BT AT BB BSR4, G,y
Gt js1sGt o Gy HIR T 05 FIEUE AL, T
BAES, ARMHE S . oW EIER RS ARG
K g A 20 n] 73 7Rk

H, = Z h(MP,, G; = Z 9:(MP,,

Aeo(Q) Aea(G)
1=0,1-- M (1)
RGN R R PR RN
f=T7F
1 M-l 1 M/2-1 1 Ml
T=-GH, -~ > GJH +- > GJH,
25 2 i3 2 k=M /2

(2)
o(G) & H K G IR B R P A R AL

L]
o]
f_

|H]

[ H-O— @G

> /

1 M &R DR S 2 I S AR S5



2972 o5 AR M 439 %
PRIV AE ], Py € oG) RAFIE R MINBUE R i =0,a=0,b= A, 1R(6) N E, (hy), B hy [958

BEROL By (A), g (N) 73 B 7 T M ZR G T fr RIS T
A PR A

M HCH M (M BTN, g (V)
= b2 (2= N) G2 (A) = by 2= ), WTEATERY
AT AR R A

M/2-1

Z G Ml M)+, 2= (2= =2 (3)
X, A e(0,2), ) EELEA R,
3 BEEKESRIARMLIZIT

3.1 BEEREEEMEREIRTR

AR SCAE B VE RUIE A I SR 8 O 2 A 1) 3 R
[T 25 ES P Y08 0 4 AL T AT e o R A R 2
T 3RAT B AR S B A S R ) [ DR
PRI A SIS, PHA IR A, X ANRRE T
TE I 47 ) T A% ) Y U SORTBEL Y R 1K R4S
R I SR A B FE AR ZE /N, MR ZE L 5
SR SATAE— R L3S ke s, BT LAA S
S EER A AL MR TR bR AT . (1) SRk 1
W SO PR ks (2) AR YE: MR ZE, Rl
X B JE D A AL T e deAs S LA G S i — T
3T o

ASCI VeV R AESRE IR AT 1Y, S T (8T BEA#,
BATTLA 4 038 I 22 41 A BIBEAT o0 BT o ASHE IR,
Oy ML RE AT DA BT M (M > 2 HoW %) iE
BIIESE A4l 4 03 B DE DA A1) T DRI A KR
H

Ly —1
h(N)=) X' = ¢, (W,
k=0

Ly—1
9N = 9N =¢c;, (Vg i=0123 (4)
k=0
K, Ly, Ly, 73 03RRI BT g s hy, MEEE DAY
g, MK
11T T
cr O‘) = [17)‘7"'7/\L 1] h = [hi,ovhi,l""7hi,L,,[—1] )
T
9 =90 90190, 1) + 1 =01,23 (5)

R TALGIEIERSAL, N g0, \go T/ g, gy WIS N
BELAY ARSI, A 41, A s Aty Ao 878 Dy, gy (R
R BELATT AR L AT o A0 T 08 30t s 1 38 1 o 8T
3 (6) et it -

E, (h)= Lb|J§— h[fdA
=h! { f ' e, (Ve ()\)d)\}hi
_Psz%%(MdAPQ+2w—a)

a

=JJR%M—4ﬁh,+ﬂb—@ (6)

WL 2= La = A,b = Ay I 20(6) W
E, (). B hy (DAESCIAE L. B30 L
et

2
B, (k)= [l (W

Asd1 2
E(g)= [ o OF A+ [ o

As
+ [ e, Vel (A)dk}m:gf S, 9

1 4 I EUERARALT, gy (\) =hy (2—)),
91 (A)=hy (2= X), 9 ()= (2= ), 95 (N) =Dy (2= A),
) P 918 Y0 4 EH A MU A 12T 5 4 R 4 A T A
RN
90 N hg (A) +95 (2= M) hy (2= A) + g, (A) by (A)
+9 2= (2-X)=2 (9)
3T TR W e, (Whger, (V) gy +ey,, (V)
ey, (N gy =1(\)» FERTRMFAF RN
IAN)+1(2-X)=2, VA€]0,2] (10)
FERREARRNEN) =1\ +1(2-N) -2, &if
T EHE AR ZE R AT RE D
3.2 ElEK AR
BT L AT, T LR IR AL R e vt 1)
RGNl IR ), T8 VAR e I DE
Pl e ASOR B ISR LB 73 A AN D B
%1% B TiBEaE, L TiEB s A
T AN B BE BN H AR ER B, 7E 3 dB ZURSAF 3K
fipe Aol 43 T O ECMTBELAY e 1 e /NI 0 AT D s, A
A E R R, T R SR A



%12 4 HRIES:

PP TE M OIS R AT I SRAT: e 908 s 2L 1) 3 v 2973

%nihn Ep(h())+aEs(h(])+Ep(h1)+ﬁEs(hl)

ot 11
m.%ﬂﬂ@%ﬂmawEM:LQJDMﬂ( )
3dB AW £y (0.5) = L,h(0.5) = Lh(1) =1 a,0 N
BUE, W a=p6. TR i

h = [hy;h,|; hy=[I,,0]h=B,h; h,=[0,1,|h=B,h (12)
Hrp, By RN Ly x (L + L) WFELEE, B
KK Ly x (L + Ly ) FIHIEE, TN Ly x Ly, HYHR
PEFERE, I, 00 Ly x Ly, WA RE, 0 A b
LKA ie) AT Ak R 20 (13)

mgn E,(h)+aE (h)

st. ¢ (0.5)(Byh) =1, ¢ (0.5)(Bh) =1 (13)

e, () (Bh)=1

% 2% UM i S, 18
SCREMAREM T, HE R R KL G UEE AR
e, DASE A IR AR 2 PR LY BE 4 H AR e R

SRIB LA DR A o
min aEs(gO)+6Ea(gl)
90-91 <14>
st. |[E(y) <e. g(0)=0
2k

;H\:EP7 )‘k :NE[052]7 k:0a177N7E’I%E‘:$@i§é%’/§

B, N+ 12 B HURE, VFZ 99 ZR W] N = 100 W w)
PRUEE MR ZERG IO o N7 5, X (15) s
HEAVEL

9=90:9:). 9 =1[L,,0]g=Clg.

9= [071-1}9 =Cyg (15)
SO, Cy AN Lyg x (L + L) HFEE, €, J
JN Ly x (L + Lyy) AR, T, Ly x Ly (03
ROREME, I, I, x L, MORGEAERE, 0 A BHbE
IR ) AT A RS A

mgin aE (g)

T (16)
s.t. |a (M) g _bk| <&, 9(0)=0

Hef, bo=2, k=01 ,N, idd(N)=¢] (N)B,
ey, (A)Cy +ep, (A) Bihep, (A)Cy s T a” (A)
TR N

a"(\)=d(\)+d(2-XN), k=01, N (17)
R IR AR D e R ) R, AT T E
LI SK AR 2% SDPT3 A 8K AR, AT 1) BB S 2 A
Y SIEAH PRI EL
4 FESRSHH

K e L], O P I A A )

M2 IEACYERME ME LU REAT X LG, P 05 4
SEAEAH R RS T i8T .

Bl B AR, SHT

Ly =12,L, =12,L,, =11, L; =11, A4y = 0.4,
At = 0.6, 1y = 0.8, Ayg = 0.75, Ay = 025\, =
13,0 =0.1 ¢ =10""; 75 ZIF) I 20 0 155 10 1
Wil 2 s, B PRERT(A) +1(2 — ), A €[0,2] (1)
WE, TR EERAS A E R 2. T
75 3] 11 g5 K R % 2 VR IE A2k AR 43 0 A
E,.. = 3.9346x107°,0 = 0.9353 , #H [ () ] P ol 2%
YPRERIBITIHREL N, £ 14 TASTILS SR
[6] 505 Ve T 110 1] i e i 20 1) T A P e R0 7t L oo

. R, WLFRLS, R, < % iU R,

R KAEREATXTLE, Ry 55T 1 RWJUESE A4 58 4
FRI, B PEPAS LA B AR PR o A SCH I
BEUF I IR B 4L e KA St 1, WA T
SCHR[6]) Be v (1 Bl DB A8 2 . RIS OL T, R IEAS
K37 VALV H PR 1 U i 8 21 R A 35 22 B OLIE AZ Y
Ko Pk, ASCRBrva e R AR B
IPLH . M 1 AT A AT et I UE A ]
DEW A W AR T AR ZE . N DB PR AL
Wi [ T LA EE A R S0 s v 8 i T s A1 ) B A A
TR IEA 2. AR A 4L B, TR AT RE
TR EMWR R 55, 1A 21 (10 B DD A 4L B
PR ZE RN, AR SO SVE A A I AP fE
PITAA SO P 1) B D e L B AR PR RE B A

R 1 ANXFTRITRIIEIR 884 5 SCRR[6] UL AR SRR AT bE

Wit A% TR (L, = 12) R,
SCHR[6] % 4.75%107" 1.0005
K 3.93x107° 1.0000

B2 vk —ANEERAS 4L, SHT
Ly =8, L, =38, LgO =T7,L, =T, )‘de =0.3,

» Hg1

At = 0.6,0,55 = 0.8,X,;p=0.75, )5, =0.25,\ 5, = 1.3,
a=0.1¢ =10""; 73300 38 U 25 20 12 i S 4l
Bl 3 oo AHTE B B A AK E RS AT IR T,
2 T ARSCRE S SCER[T) R T ) DR B A
YL TERITERER IEASPERS . IEACHE © ML T
1 R UEDE 2R A R IE SR o XFEE AT, AR
TRV IR P s 2 L 1) g 13 2 P Ak LU SRR [ 7] /0
FLIEAT MR AT A 1 LE SCHR[7) s . 5490 1 AR



2974 BT 5

——hy =-h; —=hy +—hy DR

Mg ) LE A N

P 2 AR I BB B A AL IR WA N (L, = 12)

R 2 ANETEITRUIEIR 884 5 SCRR[7) AU L AR SRR AT bE

B R %39 &
2.0
——hy =-h; —=hy +—hy =PR
1.5 L
1.0

IFR RE I 2

0.5

4]

Rt TP

—0.5

0 0.4 0.8 1.2

A

16 20
K 3 ASCE v B IR AR AL IR EE R R (L, = 8)

* 3 ANEZECAEIRKFEAZZERLXTLL(IB)

a7 AP B, (L, =8) o o IERALEVE SR EE AL
SCHR[T) IR 6.86x 107" 0.8096 1/32 31.25 33.89 30.12
AICE: 9.22x10°" 0.8834 1/16 25.66 28.52 26.13
1/8 20.16 22.99 21.38
b, SUBREUERARAMSEORE, S8 I8P A 1/4 14.25 17.03 15.24
TR S AT T AR 22, AH R ] ORISR/ B A R 22 1/2 8.51 11.42 10.01
T AL R 22 A A i I A A R AR P R ) MR R TR
b s JT DAASSCBRE T Aot 1) PR 8 i 4 A AR PR e T A 5 LEsiE

T 10 it A % 2 2 R T A S a4 AR 1 e )
VEVEAS, IR R R R UL DR AR AL

M Bk B 2 2 50w o 10 K8 g 415
Minnesota Al B HEAT L Mesin, Mebhaii e o =
1/ 21, A SCRR (1) S0 RA ST S vk S e () 1) 1 &%
R 4(c), Bl 4(d). 3 3 45H T8 S o BUAFRME
I IE M LT LG AR ) S BOFEAT IR T, AL
WA, 51 R A RS EEL, S5
SCHR[TIAHEL, (5 LERS 2 1.5 dB 240,

0.2
o a

0.1

—0.1

—0.2

-0.3

() M6 TSR [L1) B v 1 PRl
SO S

AL T — B EE TPy E I MOETE R R A
MUEAZ (1 B PE A L vt 559k, 78> %18 1 K g
PR AL RN R IR 2, 0 28 K ivt ]
JERA AL, TR I E BRI SR A B e B A 4L, T
BEVE A Y B 5 o M A % 2 AR B DB D A
Mo AL J7 i AT LS G s AL 1T D8 B A 2L 1)
PR AN B A TR T, IATT SRAT (A R S 4 1)
PEBAT A, DT ERYISR R AT . RS TAR
K7 18 P P A5 2HL 1) 5 s . FH T

0.8
0.6
® "
0.4
0.2
0
—-0.2
—-04
—0.6
. 0.6
o » - . e’
& ol .e . . LI Y . {4
P lng PO
TR 02
bR | XY ;;.l-i"
iy N da e ".:“:I' 0
et
_:.~' iy s :;;7 —0.2
EH
RS
R R S il
—0.6

() AR ST B 1 P
YL S

Pl 4 [Tl ds 2 2 I S0 07 BLA 2R



512 1 FERIEAE:  —Bhivlt MOEREUUE AT i SR [T I e 2 4 T S0 2975
5 * ¥ it [10] NARANG S K and ORTEGA A. Perfect reconstruction
two-channel wavelet filter banks for graph structured data[J].

[1] CROVELLA M and KOLACZYK E. Graph wavelets for IEEE Transactions on Signal Processing, 2012, 60(6):
spatial traffic analysis[C]. Joint Conference of the IEEE 2786-2799. doi: 10.1109/TSP.2012.2188718
Computer and Communications, San Francisco, CA, USA, [11] NARANG S K and ORTEGA A. Compact support
2003: 1848-1857. doi: 10.1109/INFCOM.2003.1209207. biorthogonal wavelet filterbanks for arbitrary undirected

(2] NARANGSK, CHAO Y H, and ORTEGA A. Graph-wavelet graphs(J]. IEEE Transactions on Signal Processing, 2013,
filterbanks for edge-aware image processing|[C]. Statistical 61(19): 4673-4685. doi: 10.1109/TSP.2013.2273197
Signal Processing Workshop, IEEE, Ann Arbor, MI, 2012: [12] JIANG J Z, ZHOU F, and SHUI P L. Optimization design of
141-144. doi: 10.1109/SSP.2012.6319643. two-channel biorthogonal graph filter banks[J]. Circuits,

8] GIRVAN M and NEWMAN M E. Community structure in Systems, and Signal Processing, 2016, 35(2): 685-692. doi:
social and biological networks[J]. Proceedings of the National 10.1007 /500034-015-0073-x
Academy of Sciences of the United States of America, 2002, [13] SAKIYAMA A and TANAKA Y. Oversampled graph
99(12): 7821-7826. doi: 10.1073/pnas.122653799. Laplacian matrix for graph signals[C]. IEEE, Signal

(4 SHEN G and ORTEGA A. Optimized distributed 2D Processing Conference, Lisbon, Portugal, 2014: 2225-2229.
transforms for irregularly sampled sensor network grids using [14) SAKIYAMA A and TANAKA Y. Edge-aware image graph
wavelet lifting[C]. IEEE International Conference on expansion methods for oversampled graph Laplacian
Acoustics, Speech and Signal Processing, Las Vegas, NV, matrix[C]. IEEE International Conference on Image
2008: 2513-2516. doi: 10.1109/ICASSP.2008.4518159. Processing, Paris, France, 2014: 2958-2962. doi: 10.1109/

[) WANG W and RAMCHANDRAN K. Random ICTP.2014.7025598
multiresolution representations for arbitrary sensor network (15] CHEN S, SANDRYHAILA A, MOURA J M F, ¢f al. Signal

hs[C]. IEEE I ional f Acoustics,
graphs[C] nternational Conference on  Acoustics, denoising on graphs via graph filtering[C]. IEEE, Global
Speech and Signal Processing, Toulouse, 2006: IV161-IV164. . . .
Conference on Signal and Information Processing
doi: 10.1109/ICASSP.2006.1660930.
(GlobalSIP). Atlanta, GA, 2015: 872-876. doi: 10.1109/

[6(] TAY D B H, TANAKA Y, and SAKIYAMA A. Near

GlobalSIP.2014. 7032244.
orthogonal oversampled graph filter banks[J]. IEEE Signal oba
Processing Letters, 2016, 23(2): 277-281. doi: 10.1109/LSP. [16] SHI X, FENG H, ZHAT M, et al. Infinite impulse response
2016.2514490. graph filters in wireless sensor networks[J]. IEEE Signal

[7] TANAKA Y and SAKIYAMA A. M-channel oversampled Processing Letters, 2015, 22(8): 1113-1117. doi: 10.1109/LSP.
graph filter banks|J]. IEEE Transactions on Signal Processing, 2014.2387204.

2014, 62(14): 3578-3590. doi: 10.1109/TSP.2014.2328983.

8] SAKIYAMA A and TANAKA Y. Oversampled graph — gegnif. 9, 1083 40/, WIS2, Wit S, Wi50i k%
Laplacian matrix for graph filter banks[J]. IEEE Syl BRI 5 . B A G .
Transactions on Signal Processing, 2014, 62(24): 6425-6437. o N .

‘ g g @4) XS Lo, 1903 4F7E, Bk, BFCT Ik E S e AR A
doi: 10.1109/ TSP.2014.2365761.
Wi VAER
[9) TAY D B H and LIN Z. Design of near orthogonal graph filter Bt R
RREHZE: 53, 1960 R4, #uR, LA, B0 h Bl

banks[J]. IEEE Signal Processing Letters, 2015, 22(6):
701-704. doi: 10.1109/LSP.2014.2368128.

ERep OSSR R RS2 (52



